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COVERING AND PACKING IN  GRAPHS- -V  
MISPACKING SUBCUBES IN HYPERCUBES 
NIALL GRAHAM and FRANK HARARY 
Computing Research Laboratory, New Mexico State University, Las Cruces, NM 88003, U.S.A. 
Al~tract--A node-disjoint packing of a graph G with a subgraph H is a largest collection of disjoint copies 
of a smaller graph H contained in G; an edge disjoint packing is defined similarly, but no two copies of 
H have a common edge. Two packing numbers of G with H are defined accordingly. It is easy to determine 
both of these numbers when H is a subeube of a hypercube G. A mispacking of G with subgraphs H is 
a minimum maximal collection of disjoint copies of H whose removal from G leaves no subgraph H. Two 
mispacking numbers of G and H are defined analogously to the packing numbers. Their exact 
determination is quite difficult but we obtain upper bounds. The covering number of G by a subgraph 
H is the smallest number of copies of H whose union is all of G. This number is determined for 
G =Q,,H=Q,~. 
1. INTRODUCTION 
This is a continuation of our series on covering and packing begun in [1] and most recently reported 
in [2]. In general the graph theoretic notation and terminology of [3] will be used. Let pac0(Q,, Q,,), 
m ~< n, be the maximum number of node-disjoint copies of Q,, which can be embedded in Q,; 
similarly we write pacl (Q,, Qm) for the corresponding edge-disjoint case. These are called packing 
numbers and the analogous minimum invariants in accordance with [4] are mispacking numbers. 
Thus we write paco(Q,, Qm) for the minimum number of node-disjoint copies of am in a maximal 
set embedded in Q.; with paci-(Q,, Qm) referring to edge-disjoint subcubes. 
A practical application of hypercube packing is found in the management of hypercube 
multiprocessors [5]. These computers contain 2" processors forming the nodes of Q.. Individual 
users can request and be assigned node disjoint subcubes of Q,. (These subcubes may be of different 
sizes.) To maximize the utilization of the available processors, it is desirable to pack the maximum 
number of user subcubes into the hypercube computer. 
The nodes of Q, that are not in some Qm for a given mispacking may be regarded as the union 
of subcubes of dimension less than m. These unoccupied subcubes are called gaps, a term which 
will be useful. 
Let the string w e {0, 1, X}" with exactly m appearances of X denote a particular subcube 
Q,. c Q.. For example, IOXXX = Q3 c Q5 with node set {10000, 10001, 10010 . . . . .  10111}. 
2. PACKING 
We require some additional notation for brevity. Let V. = V(Q.) be the node set of the cube 
Q. and let p. = I V.I = 2" be the order of Q.. Similarly, call E. = E(Q.) its edge set and q. = tE.l 
its size. Also write rci(n, m) = paci(Q., Q ' )  for i = 0 or 1. Our first result is immediate: 
7z0(n, m) = 2"-". (1) 
To prove condition (1), note first that p./p" = 2"-" establishing the upper bound in condition (1). 
By consideration of the definition of Q. in terms of the cartesian product 
{ ;2  n=l  (2) 
Q"= xK  2 n~>2 
it is easily seen that 
Q.=Q._ , .xQ, . .  
Hence Q. may be packed with P.-m copies of Q" achieving condition (1). 
(3) 
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We now establish the edge-packing number in general: 
rrl (n, m) = LnlmJ2"-". 
Of course condition (2) contains as special eases the trivial observations: 
lrl(n, 1)=n2 "-l, nl(n,n)=l ,  l r l (n+l ,n )=2.  
To prove condition (2) we first show that when m ln, 
(4) 
hi(n, m) = _n 2"-" (4') 
m 
Assume Qkm may be packed so that every edge is in some Q.. By equation (3), 
Q(k+ t)" = Qk" x Q", the cartesian product thus, Q(k+ t)" consists of 2" instances of Qk,. plus the 
additional edges which form 2 k" copies of Q,,. Hence every edge in Q(k+ 0m is in some Q". Since 
nl (m, m) = 1, it follows by induction that if m In then Q, may be packed with copies of Q,. so that 
all edges of Q, are in some Q". 
The number of packed subcubes Q" may therefore be determined by simply dividing the size 
of Q, by that of Q,,: 
n2"-i 
nl(n,m)=m2"_l ,  
which yields the result (4'). 
Proof of upper bound of condition (2) 
Each node v of {2, has degree n. Each Q,, containing v occupies exactly m edges incident o v. 
Therefore, v is in at most [.n/m.J copies of Q,,, so that 
n, (n, m)2" ~< Ln /m..12". 
Proof of lower bound of condition (2) 
Let n = km + b, b < m. Construct Q, by multiplying 2b copies of Qk". The total number of copies 
of Q" in Qk" is 
km 
__  2 km - " .  
m 
Therefore, the total number of copies of Q" in Qk" + b is at least 
k2 ~k" +b)-" = LnlmJ2"-". 
3. COVERING 
The covering number of G in/4, written cov(G, H), is the least number of copies of H that include 
all the edges in G. Let e(n, m) denote the covering number cov(Q,, Q,,) of Q, with copies of Q". 
We now establish that 
c(n, m) = ['n/m-]2 "-m. (5) 
Proof of condition (5) 
When m In the packing exhibited in the proof of condition (2) covers all the edges of Q,. When 
mXn the lower bound in condition (5) may be established by noting that each node in Q, must be 
included in at least [-n/m] copies of Q,. to cover all edges incident o that node. The upper bound 
is established by taking the union of an edge disjoint packing and a node disjoint packing such 
that the edges in the dimensions not covered by the edge disjoint packing are covered in the node 
disjoint packing. Thus, by conditions (1) and (4) when mXn 
c(n, m) <. Ln/m ]2 "-m + 2"- " 
establishing condition (5). 
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4. MISPACKING 
Let nT(n, m) = mispac~(Q,, Qm) for i = 0 or 1. Obviously, no(n, O) = 2", no(n, n) = 1 and 
no(n + 1, n) = 2. 
A necessary and sufficient condition for two subcubes to be node disjoint is that their string 
representations vary in at least one fixed digit. Thus, minimum node disjoint mispacking of 
hypercubes may be restated as the problem of finding a minimum list of strings in {0, 1, X}" that 
contain exactly m Xs such that each pair of strings on the list varies in at least one fixed digit, 
and it is impossible to add another string to the list that is distinct in at least one fixed digit from 
all of the strings already in the list. 
We did not succeed in finding exact formulas for the difficult problem of mispacking subcubes 
into hypercubes. Hence we can only present he bounds which were found in our unsuccessful 
attempt: 
no(n + 1, m + 1)_<no(n,m ). (6) 
Proof of condition (6) 
Given a minimum mispacking of Q,, then for each m-string w = Qm c Qn, let w0 and w 1 be the 
concatenations of w with 0 and 1 and form ff = w0 U w l c Q,+ i- 
The gaps between the packed hypercubes double in size by the same rule. (For each gap g form 
g = gO O g 1 c Q, ÷1-) Since the largest gap in Q, is smaller than Qm, the largest gap in Qn + 1 must 
be smaller than Qm+l. 
n0(n + 2, n) = 3. (7) 
The mispacking in Fig. 1 establishes that n0(l, 3)~< 3. Application of inequality (6) yields 
no(n + 2, n) ~< 3 and we shall now prove equation (7) by demonstrating that n0(n + 2, n) > 2. 
Proof of equation (7) 
Without loss of generality let A = 00X" be a subcube of order n in Q, ÷ 2. To pack a second cube 
B into Q,+2 that is node disjoint with A, the string representation f B must be distinct in at least 
one fixed digit from that of A. Up to isomorphism there are three possible values for B, respectively 
01X", 1 IX" and 1XOX"- i. The first two packings admit he packing of a third subcube 10X", while 
the last case allows 01X" to be included. Thus, at least three subcubes of order n are needed to 
mispack Q. + 2. 
An upper bound for nO(n, m) is now established by exhibiting mispackings of Q6 with copies 
of Q3, and then providing a construction that generates a mispacking of any Q. with Q3 from the 
mispackings of Q6. 
Consider two copies of Q6. Mispack one of them with {OXOXXO, IOXXOX, I IXIXX, XXXOI I, 
OXIIXX}, establishing no(6, 3)~< 5, and the other with the mispacking {OXOXXI, IOXXIX, 
11XOXX, XXX 100, OX 10XX}. 
These mispackings are similar and the latter is derived from the former by the negation of the 
last 3 coordinates. Evidently, the union of these two mispackings covers Q6. We may construct Q7 
by joining all pairs of corresponding nodes in these two copies of Q6. Each edge in the 7th 
dimension is incident o at least one node covered by the mispacking. Therefore, it is impossible 
to add any subcube that contains edges that lie in the 7th dimension, giving 
n0(7, 3) ~< 10. 
We extend this construction to higher dimensions by alternating these two mispackings of Q6. 
Specifically, we may consider a 2-colored Q,_ 6, say black and white, and then construct from it 
a mispacking of Q, by taking the cartesian product Qn-6 x Q6 and substituting the former 
mispacking in the copies of Q6 at the black nodes of Q,_ 6 and the latter at the white nodes. As 
no Q3 may lie either in the first 6 or any of the other n - 6 dimensions we find that 
no(n, 3) ~< 5.2 "-6. 
whence by application of condition (4) 
nO(n, m) <<. 5.2 . . . .  3. (8) 
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Fig. 1. pac0(3, 1) = 3. 
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Fig. 2. mispacl(4, 2) = 3. 
However, this bound may be improved as the following mispacking illustrates 
{XXXXO000, XXOO1XOX, X1X1XIXO, IOIXIXXX, XIIOXXIX, 
0XllXXX1, XXO1XOXI, IOXXO1XX, XXOOXOIX} 
establishes no(8, 4) ~ 9. 
A crude lower bound for no(n, m) may be found by noting that each Qm intersects 
,~0 (7 ) (n  ~ m)  2' 
copies of Qm in Q,. As there are 
(~)  2n-m 
copies of Qm in Qn it follows at once that 
no(n,m)>~(n)2"-r"/ ,~o(7)(n~m)2 i. (9) 
We now consider edge disjoint mispackings; of course n/-(n, 1)=n2 n-I, ni-(n,n)= 1 and 
ni-(n + 1, n) = 2. 
Note that if two subcubes intersect at a node v in Qn and do not intersect at any node adjacent 
to v then they do not intersect at any other node. The following results may be derived by proofs 
analogous to those for no(n, m): 
ni-(n + 1, m + 1)~< zi-(n, m) (10) 
ni-(n + 2, n) = 3 (11) 
n/-(n,m) ~< 5.2 . . . .  3, n < 2m (12) 
n " (m) (n -m)  n~-(n,m)/> ( ~2" -m/~ 2'. (13) 
\m./ / i  = l i 
In conditions (10) and (11) it is assumed that the mispacking in Fig. 2 is used and a construction 
similar to that for conditions (4') and (6) is applied. 
Knowing that rto(6, 3)~< 5 and no(8, 4)~< 9 we wonder about the value of no(n, m) when 
n =2m. 
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